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Denotational Semantics

« Denotational Semantics provesstatementsf thefollowing shape:
[Satement]] = F

for somefunctionor relationF.

F typically is arestricteckind of functionbetweersemantic domains.

SinceF isasingle mathematical object, it maybeusedasstartingpointfor
shaving any kind of (functional) program properties

In thetextbook,denotationakemanticappearsnostlyasa reoiganisationof
operationakemantics.

In gener al, thedenotationakemanticss far more abstract thanoperational
semanticsandemploys advancedconceptgrom discretemathematics.
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SemanticDomainsfor Denotational Semantics

Usually, all semantics domains have
— adefinednes®rdering C , and

— aleastelement 1 (read:bottom”) wrt. C:
VXx:De L CX

— (leastupperboundsf chainsx) C x, £ x, C ...)

For simple semantic®f imperative programssetsof partial functionsA + B
canbeusedasdomains:

— thesubsebrdering C senesasdefinednessrdering:
Vi, g:A+ BefCg:fCg

— theemptyfunction( : A + Bisthealeastelemeniof A + B.
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Semantic Domainsfor Simple I mperative Programs

Bool = {True, False} booleans

Num =Z numbers

Sval = Bool + Num storablevalues

Id identifiers

Sate =Id + Sval (simple)stores

Val = Sval values

Sate + Val (expressiorsemantics)
Sate + Sate (statemensemantics)
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Direct Sums, or Digoint Unions

“A+ B” isthedirect sum of thetwo setsA andB.
You mayhave seerthedefinitionof theequialentdisjoint union:
AyuB={a:Ae(0,a)} U{b:Be(1b)}

In Haskell, thereis thefollowing preludetypeconstructor:
data Either ab = Left a | Right b
Thisproduceshetwo constructor sfor Either (which areinjections):

Left :: a - Either ab
Right :: b - Either ab

andallows patternmatching:

valShow :: Either Integer Bool - String
valShow (Left i) ="int:" + showi
valShow (Right b) = "bool: " + show b

In mathematicalise,Left and Right arefrequentlynot mentioned.
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Semantic Functions

[ : Expr — (State ++ Val)
[_[s : Smt — (Sate + Sate)
[_1, : Op— ((Val x Val) + Val)

expressiorsemantics
statemensemantics

operatorsemanticggiven)

Textbook:
M : (Expr x Sate) + Val

M ; (Smt x Sate) + State
ApplyBinary : (Op x Val x val) + Val

expressiorsemantics
statemensemantics
operatorsemantics

» No cleanseparatiorbetweersyntaxandsemantics
« Undefinednessrderinglessobvious
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ExpressionSemantics
Expr ::=1d | Num | Bool | Expr Op Expr
[LIe : BExpr — (Sate + Val)

Assumings : State, i.e., s: Id + Sval, wedefine:

forv:Id: VI ® = s(V)

— undefinedif s(v) is undefined!
for n : Num: [nle () =n
for b : Bool: bl () =b

fore, e, : Expr; op : Op: [[e1 op ez]]E (s) = [[op]]o([[el]]E (), [[ez]]E (9)
— undefinedif [e,]|_ (s) or [[&,]_ (s) undefinedor from [op]!

Whereclearfrom thecontext, we write [[ ] insteadof [[€]l..
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ExpressionSemantics— Examples

Examples: Lets, = {x—5, y—42, z—0}:

Ix+yIs) =Dx0Gsy +[VIGs) =s,00+s() =5+42 =47

[7-dls) =070 -Mals) =7-s(@ =7-L =1
uninit. var.!
[2/2s) =[2]e)/[d6) -2/s@ =-2/0 =1L

€
wrongtype!

[x&& y]l(s) = [x[(s) A [YII(s) =s,(X) As(y) =5n42

Writing “ L " hereis short-handor indicatingundefinedterms.
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Statement Semantics

[ : Smt— (Sate + Sate)

Fors: State, i.e, s:Id + Sval, and p, [ Smtande: Expr andv : Id:

[skip]s (s) =S
[v:=€]s (s) =s@ {v~[e] (9}
— undefined if [[€]]. (s) is undefined!
[[pl ; pZ]]S = [[pz]]s ° [[pl]]s
. [[pl]]S () if [e]z (s) = True
[if ethen p, else IOZ]]S (s = leZ]]s (s) if [[e]]E (s) = False
undefined otherwise
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Relating Simple Denotational and Oper ational Semantics

Simple Denotational Simple Operational

el (o) = v & o(e) = v

[[S]]S (o) = o, & o,(s) = o,

* [[e]lc and [s]l are explicit functions

» These can be considered as results of function abstraction from the
operational semanticsof eand s.
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A-Calculus (Textbook 8.1)— Moti vation for the A-Notation
Theusualwayto definefunctions:
f(x)=2+*x—-3
Thisis notanexplicit definition!

For anexplicit definition,the defineditem needgo standaloneon theleft-hand
sideof “ =". Thereforewe needawayto denoteafunction ontheright-hand
side. A-abstractions sucha notation:

f=AXe2%xx—3
Thisis equialentto theabove. Therefore:
f5=(Axe2%xx—3)5 =2%x5-3

A-abstractiorbinds a variable(herex). Applicationof aA-abstractiorto an
argumentis reducedto thebody of theabstractiorwith theboundvariable
replacedby theamgument.
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A-Terms

Now the formal definition of untyped A-terms An untyped A-term iseither
e avariable x,v,z, ..., or

« afunction application (M) N of one untyped A-term F (the function) to
another A (the argument), or

 afunction abstraction A x ¢ B of an untyped A-term B (the body) over a
variable x.
Note: Every untyped A-term can be used as function in function applications!

Note: We add and omit parentheses using the rulesthat are used in Haskell:

» A-abstraction extendsasfar right as possible, usually until an unmatched
closing parenthesis or the end of theterm.

» Application associatesto the left, i.e., f x yisunderstood to mean (f x) y.
According to the definition above, thiswould actually have to be ((f) x) y.

The A-calculuswasintended by itsinventor, Alonzo Church (1903-1995), asa
foundation of mathematics based on functionsinstead of on sets.
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FreeVariables

The set FV(M) of the variables occurring free in the A-term M isdefined
inductively over the construction of A-terms(thisiscalled: structural
induction):

« FV(x) = {x}
s FV(AxeM)=FV(M)\ {x}

« FV(M N) = FV(M) U FV(N)
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Variable Replacement (auxiliary concept)

M[x\ y] denotesthe term resulting from M by replacing all free occurrences of
variable x with variabley:

y if v=x
v if v£X

. v[x\y]:{

* (MN)Ix\y]l=M[x\y] N[x\y]

AVveM if v=x
. (AvoM)[X\Y]:{/\vo(M[X\Y]) if v#x

— Variable replacement isonly used in the definition of a-conversion.
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a-Conversion

If y¢ FV(M), andif thereis no A-bindingfor y in M, thenthefollowing
renaming of a bound variableis defined:

AXeM = AyeM[x\y]
Thiscanalsobeappliedin any contet C[ ] (a contet is atermwith exactlyone
occurrencef the“hole” “[ 17

ClAxeM] = C[AyeM[x\V]]

e

a-Conversion = renaming of bound variables
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Substitution

Substitution isreplacement of free variablesby terms:

t if v=X

’ V[X\t]:{v if v£x

« (M N)[x\t] = M[x\ t] N[x\ ]

AveM if v=xVx¢FV(M)
e AveM)[x\t]={ Ave(M[x\t]) ifvExAxeFV(M)AveFV(t)
not permitted!  if v£ X A xe FV(M) AveFV(t)

Where a substitution [x \ t] isnot permitted for aterm M, an a-conversion
M = M'isawayspossible such that the substitution is permitted for M'.

Example:
(Azef zX)[x\f 2z = (Ayef (yx)[x\fzl = Ayef (y(f2)
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B-Reduction

The central reduction rule of A-caculus;

(AxeB)A — _ B[x\A]

g

Thiscan also be applied in any context C[ ]:

C[(A\xeB)A] — , C[B[x\A]]

Example:

(AxeAzex(zx))(Ayezy) 3 (Azex(zxX)[x\ (Ayezy)]
= Auex(Ux)[x\ (Ayezy)]
Aue((Ayezy)(u(Ayezy))
g Aue(zyy\(u(Ayezy)l)
AUue(z(u(Ayezy)))

[
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Reduction Strategies

» Leftmost-outermost strategy: among all outermost redexes the one starting
farthest to the left.

« Leftmost-innermost strategy: among all innermost redexes the one starting
farthest to the left.

“inner” and “outer” are determined by the abstract syntax tree.

I mportant properties:

 Leftmost-outermost strategy (Haskell, Miranda, Clean):
— call by name, lazy evaluation
— terminatesif possible
— non-strict
¢ Leftmost-innermost strategy (OCaml, SML, LISP, Scheme):
— call by value, eager evaluation
— easier to implement
— dtrict: foral f wehavef( L )= L
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Recur sive Function Definitions

How to convert arecursive function definition into an explicit definition?
Start (Haskell):
fact n = if n=0then 1else n Ofact (n-1)
Principleof extensionality: twofunctionsareequal iff all their resp. applications
to the same argument are equal:
fact = A n - if n=0then lelse n Ofact (n-1)
Reverse [3-reduction to isolate the RHS occurrence of fact:
fact = (A f - A n- if n=0thenlelsen Of (n-1)) fact
Defining (viaan explicit definition)
T=Af s Ansif n=0thenlelsen Of (n-1)
we recoghize a fixedpoint equation (stating that f act isafix edpointof T):
fact = 1 fact
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Fixedpoint Approximation

For thefunctional T associated with the definition of the factorial functionf act ,
we observe:

1L = 1 = {}

Tl = 7l = {01}

21 = 7(r 1) = {0—11-1}

Bl = r(r(r L)) = {0~11-12-2}

Pl = (@ L)) = {0~1,1-12-2,3-6}
™1l = 7@ @EE L)) = {0=11-12-2 36,424}
In addition:

Ll Crlc2LlCc Ll LCr®LC.. Cpoom ) =
Iterated application of T yields better and better finite approximationd

The union of all these approximationsisthe factorial function.
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Fixedpoint Semanticsfor Recursion

For partial functions, the least upper bound of an ascending chain isgiven by
set-theoretic union over all elementsof the chain.

Semanticsfor arecursivefunction f isarrived at asfollows:
» Therecursive definition istransformed into afixedpoint equation f = 7 f.

« The“functional” 7 isextracted from that equation.

Use 7 for fixedpoint iteration
L CcrlCcr?2lclcC..

The semanticsof f istheleast upper bound of thischain:

[Fl=Uk:N e7¢ 1L}

» Thisleast upper bound isthe least fixedpoint of ~
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The Fixedpoint Combinator Y

Church’sfix edpointcombinator “Y”:
Y = Afe(Axef (XX)(AXef (XX))
Proof of fix edpointcombinator property — for every f, the following holds:
Yf = Afe(Axef (XX)(A\xef (xx)))f
— 54 (Axef (XX)(Axef (XX))
= (Azef (z2))(Axef (XX))
— 4 f(Axef (xx))(Axef (xX)))

= f(Yf)
In thetheory of A-calculusthisyieldsthefix edpointequation Y f = f (Y f).
Therefore, for every f, afix edpointY f can be obtained via application of the
fixedpoint combinator Y.

All general fix edpointcombinatorsinvolve self-application like “x X" — this
possible in the untyped A-calculus, but not in most typed systems.
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General Fixedpoint Combinators

* Intyped A-calculi, no pure A-term is a fix edpointcombinator

» One can alwaysextend the calculus

— For at least some typest, the fix edpointcombinator Y : (t —t) —t isadded
to the terms.

— Thefix edpointrules Y f —,, f (Y f) areadded totherules.

» Note: Thisrule can give rise to non-termination with the left-most innermost
strategy:

Won T3 vy T3 =y 70 Myn N3 —y -
* Wewrite “Y” also asfix edpointcombinator in a mathematical context
* Moreprecisaly,welet “Y F” denotethe least fixedpoint of F
e Other notations. “u F”, or “fix F”
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while-L oop Semantics

[ : Smt— (Sate + Sate)

Fors: Sate i.e, s:ld + Sval, andp,p,p, : Smtande : Expr and v : Id:

[while e do p]l,
f([plls(s) if [e]le(s) = True
=Y\ f : Sate + Statee A s: Satee! ¢ if [e](s) = False )

1 otherwise
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Example Statement Semantics

[while True do skip]l;=Y(\ f : Sate + Sate e A s: State o f ([skip]l(9)))
=Y(\f : Sate + Statee A s: State o f(5))
=Y(\f : Sate + Satee )
= 1

For k : IN , we have:

[whilen>0do (r :=nxr; n:=n- D[ ({n—k,r—1}) = {n—0,r—k!}
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Semanticswith Exceptions— Simple Statements

[_l: amt — (Sore + (Store + (Store x Num)))

[skip]ls = Left

[s.] ()

_ it [s]l(s) = Left t
sl = {Right(t,e)

if [[31]]3(5) = Right (t, €)

t it [s,]l(s) = Left t
[try s, catch(i) s, (s) = [[Sz]]s(t @ {ire)) if [[51]]3(3) = Right (t, €)
i it s¢ dom [[s ]|
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Semanticswith Exceptions— Expressions

Expr — (Store — (Val + Num))

Right (s, val)
Right (s, exc)

if [e]l(s) = Left val
if [e]l-(s) = Right exc

[throw e]l(s) = {

_ Left (s {v val}) if [e]l(s) = Left val
[v=ely® = Right (s, exc) if [e]l(s) = Right exc
[s]( if [b](s) = Left True
[s,](s) if [b]l-(s) = Left False

if bthens elses]| (s) =
[ s elsesylg Right (s, excg) if [b]l(S) = Left n A ne Num

Right (s, exc) if [[b]|-(s) = Right exc
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Output

Semantic Domainsfor simpleimperative programswith print statements:

Sval = Bool + Num storable values

Sore =Id + Sval (simple) stores

Sate = Store’ x [Num] statesincluding output
Val = Sval values

Sore + Val (expression semantics)
Sate — Sate (new statement semantics)

In case of program errors or nontermination, previousoutput isnot lost!

. B _ . (s,n:ns) if n= [[e]]E(s) e Num
[prin e]]S G S {( 1 ,ns) otherwise

Note: statement semantics here is oversimplified— fixpoint constructionin
Sate — Sate doesnot work, except with Haskell-like list domains.
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I nput

» Output isreflectedby theintroductionof astatecomponentepresentingast
output:

State = Store™ x [Num]
» (Additional)Input is reflectedby theintroductionof a statecomponent
representingutureinput:

State = Store™ x [Num] x [Num]

[read v]s =

(s® {v—in},outs,ins’) if ins=in:ins

A (s,outs,ins) : Sate o _ .
( L ,outs,ins) if ins= ]
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Scope

Nested scopes with shadowing of identifiersare modelled as stacks (lists) of
environments:

Env =Id + Sval* environments (with L for uninit. var.)
Sore = [Env] stores

Sate = Sore" x [Num] x [Num] statesincluding I/O
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Records

Semantic Domains Only storable values change:

Sval = Bool + Num + (Id + Sval) storable values

Sate =Id + Sval (simple) stores

Sate + Sval (expression semantics)
Sate + Sate (statement semantics)

New record field expressions:

[e.fl-=Xs:Satee ([e]: (s)) f
New record construction expressions (not in C or Oberon, but e.g. in Ada):
[record(f, = e, ...f,=)].=As: Satee {f =[e] (9. ... T =[e,].(5}
New record field assignment statements:

[r.f:=efl=As:Sateesa {r—((sr) ® {f—=[e](s)})}



